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We prove a theorem about the class group of composita of fields whose ramitka- 
tion indices over a common number field of class number one are relatively prime. 
This is applied to derive a short exact sequence that describes the class group of 
imaginary b&quadratic fields made up of two quadratic fields of relatively prime 
discriminants. Q 1991 Academic Press, Inc. 
Let K and L be number fields. Is there any relation between the 
individual class groups of K and L and the class group of the composite 
field KL? Without making some assumptions on K and L no answers can 
be known. However, in certain special cases some information has been 
derived. In fact, if one were content to study only the class number of KL 
and not the structure of its class group, then when K and L are Galois over 
Cl much can be said. This is because the c function for KL has a natural 
relationship with the [ functions of K and L and this can be used to derive 
class number relations-in special cases these go back to Dirichlet. One of 
the prettiest of these early theorems is due to Herglotz [H2]: Suppose that 
K is an imaginary bi-quadratic field; then the class number of K, hK, is 
either the product of the three class numbers of the intermediate fields or 
half that number. The standard reference for these types of results is 
Hasse’s book [H 11. 
In this paper we want to study the class group structure after certain 
restrictive hypotheses on the discriminants of the Galois extensions K and 
L are made. Our hypotheses, though restrictive, are sufficiently lax so that 
they apply to the class group of cyclotomic fields. 
THEOREM 1. Suppose that K = K, K, and that each of the Ki are Galois 
extensions of Q. Suppose further that the ramification index e,(p) of p 
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relative to K for each finite prime p of Q is relatively prime to the 
corresponding ramtfication index e2( p). Then the natural map 
given by taking an ideal class of K to its norm relative to each of the 
subfields Ki is surjective. 
Proof Let Hi denote the Hilbert class field of Kj. The first step is to 
show that H, n H, = Q. Suppose that this intersection were a properly 
larger extension of Q. Then by Minkowski’s theorem this field would have 
a finite prime, p, ramified. The ramification index for this prime p both is 
greater than 1 and divides both e,(p) and eJp). Since these numbers are 
relatively prime by assumption, we have a contradiction. We claim that the 
disjointness of the Hilbert class fields implies that the Galois group G of 
H, Hz over K = K, K, is the direct sum of the Galois groups Gi of the Hi 
over K,. Since the natural map from G to G, @ G2 given by restriction is 
injective, it is enough to prove that these groups have the same order. This 
however is a simple degree calculation: 
Finally, Artin reciprocity tells us that restriction on the Galois group of the 
Hilbert class field corresponds to the norm map on the class group. 
COROLLARY. Let n be an integer and n mi be a factorization of n into 
relatively prime integers mi. Then the class group of the nth cyclotomic field 
O(c,,) contains a subgroup isomorphic to the direct sum of the class groups 
of all the a([,,,,). 
Proof: That there is a surjective map on the direct sum follows by 
induction from Theorem 1. The result now follows by duality for finite 
Abelian groups. 
Remarks. Larry Washington pointed out to me that Inaba [ 111 proved 
an analogous statement for class numbers of Cyclotomic fields. 
One can easily modify the theorem: For example, (essentially) the same 
proof works if all but one of the extensions is solvable. I do not know 
whether the theorem is false without the hypothesis of solvability but I 
suspect so: For example, there are number fields F that have many 
unramified non-Galois extensions. It seems possible that one of these F’s 
also has two non-solvable Galois extensions, say K, and K,, such that for 
some N that is unramitied and not Galois over F, the composite NK, is 
Abelian over Ki. For fields with these properties the theorem could not 
hold. 
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The kernel of the surjective map seems difficult to analyze in general. We 
conclude by studying it in the special case of Galois extensions of the 
rationals of type (1, I), where 1 is a prime. If I= 2 and the extension is an 
imaginary bi-quadratic satisfying the assumptions of Theorem 1 then we 
have: 
THEOREM 2. Let K, be a real quadratic field and K, an imaginary 
quadratic field with relatively prime discriminants. Set K = K,K,. Then the 
following sequence is exact, 
(1) H - c, - c, = c,,oc,, - (11, 
where Cg is the subgroup of the class group of K fixed by the Galois group, 
H, of K over the quadratic field K,, which is distinct from K, and K,. 
The proof needs two lemmas: 
LEMMA 1 [Kl]. Suppose E/F is a cyclic unramified extension of degree 
n. Let h, be the class number of F. Then the order of the ideal classes of E 
fixed by the Galois group of E/F is h,ln. 
Proof See Kiselevsky’s paper [K 1 ] for his original, cohomological 
proof. Or, for a non-cohomological proof see Corollary 2 to Theorem 7 in 
[Cll. 
LEMMA 2 [H2]. The class number of an imaginary bi-quadratic field is 
either the product of the class numbers of the three quadratic subfields or harf 
that number. 
Proof See Herglotz’s paper [H2] or Section 26 of Hasse’s book [Hl]. 
Proof of the Theorem. Suppose G is the Galois group of K/Q, G= 
{ 1, cr, t, az}. Let [a] be an ideal class in the kernel of N, 0 N,. Then since 
N K/Q - - 1 + r~ + t + gz annihilates the class group of K we have 
Cal = [a]l+a+r+ur [a] = [a]‘+“[a]‘+‘[a]“‘. 
This means that the kernel of N, @ N, is contained in the ambiguous ideal 
class group with respect to H= { 1, ar}. The extension K/K, is unramified 
because the discriminants of K, and Kz are relatively prime. Therefore, by 
Kiselevsky’s generalization of Hilberts Theorem 94, (Lemma 1 above), the 
ambiguous ideal class group of K with respect to K, has order half of the 
class number of K,. So the order of the kernel of N, 0 N, is at most half 
the class number of K,. Now the classical theorem of Herglotz (Lemma 2 
above) implies that the kernel must have order at least one-half of the class 
number of K and so the result follows. 
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It is natural to ask, in the case of extensions K = K, K, of type (I, I), if 
the kernel is equal to the sub-group of the ideal class group of K generated 
by the ideal classes ambiguous with respect to any of the I- 1 intermediate 
fields not equal to the Kj. We can only show that one type of ambiguous 
ideals is contained in this kernel. These are the ideal classes derived from 
the co-norm map. This map is given by taking an ideal class [a] of L to 
the class of the ideal it generates in K. These ideals are obviously 
ambiguous with respect to the Galois group of K/L. 
PROPOSITION. Suppose that K = K 1 K, is an extension of type (I, I), where 
I is a prime, with the Ki having relative1.y prime discriminants. Then the kernel 
of the surjective map defined in Theorem 1 contains the subgroup of the class 
group of K generated by the image under the co-norm map of the ideal class 
groups of each of the I- 1 subfields L of K of degree I over Q, not equal to 
K,, K,. 
Proof Suppose [a] is an ideal class in one of the L and [a&] is its 
image under co-norm in K. We need to show that N,,,, annihilates [aC$J. 
Now the Galois group of L over Q is the restriction of the Galois group 
of K/K,. Therefore, N,,,,[aQ] = N,,,[a] NK,K, [OK]. Since Q has a trivial 
class grow, NLiQ[ 1 a must be principal. The result follows. 
Remark. It is natural to conjecture that these subgroups fill up the kernel. 
Certainly if one restricts oneself to the p-primary part of the class group for 
p # 1, then, of course, this is true. In fact, the structure of this subgroup of 
the prime to I part of the class group of K is entirely known: It is the direct 
sum of the corresponding p-primary parts of the Ki and Li. (For a proof 
of this theorem and other related theorems see [W 11. 
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